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In this paper we consider the problem of the existence and multiplicity for 
geodesics not touching the boundary of a stationary Lorentz manifold having 
convex boundary. A physical example of a stationary (and nonstatic) Lorentz 
manifold having convex boundary is the stationary, axisymmetric, asymptotically 
flat, gravitational field outside a rotating massive object, whenever its angular speed 
is small and its mean radius is close to the Schwarzschild radius. 0 1991 Academic 
Press, Inc. 
1. INTRODUCTION AND STATEMENT OF THE RESULTS 
In this paper we study some global geometric properties of certain 
Lorentz structures. More precisely we prove existence and multiplicity 
results about geodesics joining two given points in certain Lorentz 
manifolds with boundary. We require that these geodesics do not touch the 
boundary. 
Some particular solutions of the Einstein equations (for instance the 
Schwarzschild and the Kerr spacetimes (see, e.g., [lo, pp. 149-156, 
161-1683)) are physical examples of those Lorentz structures which we 
consider. 
* Sponsored by M.U.R.S.T. (Research funds 60% and 40%). 
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We recall that a Lorentz manifold is a smooth finite dimensional 
manifold M, equipped with a (0,2)-tensor field g, such that for every 
z E M, g(z)[ ., .] is a nondegenerate symmetric bilinear form on the tangent 
space T,M, having exactly one negative eigenvalue (see, e.g., [ 143). 
When a Lorentz manifold has dimension 4, it is called spacetime. 
In this paper we deal with stationary Lorentz manifolds (we refer the 
reader to [ 111 for the physical interpretation of a stationary spacetime). 
DEFINITION 1.1. Let M, be a C3, connected n-dimensional manifold, 
and M= M, x R. A stationary metric g = g(x, t) on M is a C3 symmetric 
tensor field of type (0,2) which satisfies the following assumptions: 
g does not depend on t, i.e., 
VXEMO, Vt,, f,E R Vt, 5’ E TxM,, VT, Z’E R: 
g(4 tl) [(f)? (f:)]=g(x, t2) [(g (:I)]. (1.1) 
We shall set g(x)[ ., .] = g(x, O)[-, .]. 
VXE M,, V{ E T,M,, g(x) [($ (i)] >o; (1.2) 
VXEMO, VTER, g(x) [(D? (Y)] co. (1.3) 
Assumption (1.1) can be expressed saying that g is stationary. Assump- 
tion (1.2) says that g induces a Riemann metric on M,. Assumptions (1.2) 
and (1.3) imply that g is a Lorentz metric. 
(M, g) is called a stationary Lorentz manifold and (x, t) E A4 is called an 
event. 
Notations 1.2. We shall denote by (., .) the Riemann structure 
induced on M0 by g, and by 6(x) the C3 vector field on M, such that for 
every 5 E T,M,: 
(&X)? 5)=dx) [($ (;)]=gw [(J, (i)]. 
Therefore, putting 
P(x)= -g(x) [($ (;)I? 
580~101 ‘2-R 
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we have 
g(x) [(f)> (::)I= (5, 5’>+ (4x1, 5)t’+ (W), r’>r-B(x)rz’. 
(1.6) 
Remark 1.3. If 6(x) =0 for every XEM~, (M, g) is called a static 
Lorentz manifold. 
In this paper we shall always make the following assumptions on 6 
and 8: 
(1.7) 
3 > 0, 3N > 0 s.t. 
O<v<fl(x)<N. (1.8) 
Some cases in which inf,, /I = 0 have been treated in [6] for static 
Lorentz manifolds. 
In order to study the global geometry of the Lorentz manifolds, 
geodesics play an important role. 
We recall that a geodesic is a C2-curve y : [a, 6]+ M such that Dj/ds = 
D,? = 0, where Dj/ds is the covariant derivative (with respect to the 
Lorentz structure) of i, along y, and j is the derivative of y. 
As known, if y is a geodesic, there exists a constant E, E R! such that 
E, = gMs))CWL V(s)13 vs E [a, b]. (1.9) 
We recall that a geodesic is said to be 
space-like if E, > 0; 
light-like if E, = 0; 
time-like if E, < 0. 
This classification is called the causal character of geodesics. 
The time-like geodesics have an important physical meaning, because 
they can be interpretated as the world lines of free falling particles in a 
spacetime; light-like geodesics represent the world lines of the light rays, 
while the space-like geodesics have no physical meaning because travelling 
on it, a particle should be travelling faster than light. However, the space- 
like geodesics are useful in the study of the geometry of a Lorentz manifold. 
We shall study the existence of geodesics in a stationary Lorentz 
manifold M= M, x R which is not complete because of the presence of the 
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boundary aM= aM, x R. For this reason we make the following assump- 
tions: 
M is an open connected subset of a stationary Lorentz 
manifold (fi, g), where fi = fi, x U%! and g 1 M = g; (1.10) 
M, v dM, is complete with respect to the Riemann struc- 
ture of M,, i.e., every geodesic x: ]a, b[ -+ M, can be 
extended to a continuous curve X: [a, b] + M, u dM,; (1.11) 
aM, is a C2-submanifold of I@,,. (1.12) 
Our aim is to find geodesics in M which do not touch the boundary aM, 
under conditions of convexity of aM. 
First of all we study the existence of time-like geodesics using the notion 
of time-convexity of aA introduced in [7] to study the existence of time- 
like geodesics in static Lorentz manifolds. 
DEFINITION 1.4. Let (fi, 2) be a Lorentz manifold and let M be an 
open connected subset of I@. 
aM is called time-convex if for every time-like geodesic y: [a, b] -+ 
Mu aM such that y(a) E A4 and y(b) EM, we have 
Remark 1.5. Let 4~ C’(fi, R) such that 
ahf= {zaps #(z)=o), d(z) > 0 for all z E M, 
and V~(Z) # 0 on aM. 
Denote by Ht(z)[c, [] the hessian of 4 at z in the direction c, i.e., 
ff!(z)CL Cl= d24b(.Wds2 Is=,,, where y is the geodesic in fi such that 
y(O) = z and y(O) = {. 
It is immediate to see that, if aA is time-convex, 
z E aA4, c E TZ aM, and g(z)[[, ?.J < 0 imply 
fJf(z)CL iI6 0, (1.13) 
while the strict inequality in (1.13) implies the time-convexity of aM. 
In [7] it has been verified that the boundary of the Schwarzschild 
spacetime is time-convex whenever the radius of the static spherically sym- 
metric star producing the gravitational field is close to the Schwarzschild 
radius. 
Schwarzschild spacetime is a simple physical example of a static Lorentz 
manifold. 
344 GIANNONI AND MASIELLO 
In the appendix we examine the Kerr spacetime. It represents the 
stationary, axisymmetric, asymptotically flat field outside a rotating 
massive object. 
Whenever its angular speed is small and its mean radius is close to the 
Schwarzschild radius, it is a physical example of .a stationary Lorentz 
manifold having time-convex boundary. 
A first result about time-like geodesics is the following 
THEOREM 1.6. Assume that (A4, g) satisfies (1.7), (1.8), (1.10) (1.11) 
(1.12). Moreover assume that 
cYM = cYM,, x R is time-convex. 
Then for every x0 and x, EMU, there exist 6,=6,(x,, x,) and 
6, =6,(x,, X~)E R+ such that: 
(i) if It, - t,l > 6, there is a time-like geodesic in M joining (x,, to) 
and (xl, t,); 
(ii) if It, - t,l < 6, there are not time-like geodesics in M joining 
(x0, to) and (x,, t,). 
If y(s) = (x(s), t(s)) is a geodesic joining two events z0 = (x,, to) and 
z, = (x,, tl), for every t E R the curve (x(s), t(s) + t) is a geodesic joining 
(x,, t, + T) and (x1, t, + r), because g does not depend on t. Therefore the 
number of geodesics in M joining z0 and z1 depends only on x,,, x1 and 
It, - t,l. We shall denote by N(x,, x1, It, - t,l) the number of time-like 
geodesics joining z,, and zl. 
If the topology of M, is not trivial, we have the following multiplicity 
result on time-like geodesics. 
THEOREM 1.7. Let zO = (x,, to) and z, = (x,, t,) be two events in M. Let 
the assumptions of Theorem 1.6 be satisfied and let M, be not contractible in 
itself: 
Then 
lim 
111 - to1 - +cc w%,Xl, It,--t,l)= +a. (1.14) 
About other existence results for time-like geodesics joining two given 
events in non-complete Lorentz manifolds we refer to [ 1, 18, 19) where the 
Lorentz manifolds are assumed to be globally hyperbolic. 
In this paper we deal also with the problem of the geodesical connec- 
tivity for a stationary Lorentz manifold with boundary. 
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DEFINITION 1.8. A Lorentz manifold M is said to be geodesically 
connected if for every z0 and z1 E M, there is a geodesic y: [0, 11 -+ M such 
that y(O)=z, and y(l)=z,. 
By Theorem 1.6 we see that, for studying the geodesical connectivity, it 
is also necessary to consider space-like geodesics which are more difficult 
to deal with. 
The geodesical connectivity has not been treated in the works 
[ 1, 18, 191, which deal only with time-like and light-like geodesics. 
This problem was faced for the first time in [3, 41 for stationary 
manifold M = M, x R with M, compact and without boundary. 
In [6, 71 this problem was faced for static Lorentz manifolds with 
singular boundary and convex boundary, respectively. 
Here we consider the case of stationary Lorentz manifolds with convex 
boundary, using the notion of convexity (for the boundary 3M) introduced 
in [7]. 
DEFINITION 1.9. Let (fi, 2) be a Lorentz manifold and M an open 
connected subset of B. 
aM is called convex if for every geodesic y: [0, l] + Mu aM such that 
y(0) and yam we have 
Notice that, unlike Definition 1.4, this notion is independent of the 
causal character of geodesics. 
If aM is convex, we have the geodesical connectivity of M. 
THEOREM 1.10. Assume that (M, g) satisfies (1.7), (1.8), (l.lO), (l.ll), 
and (1.12). Moreover assume that aM is convex. 
Then M is geodesically connected. 
Remark 1.11. If /? is not bounded from above, the theorem in general 
does not hold. A counterexample is given by the anti-de Sitter space (see 
[lo, 16]), where there are events which cannot be joined by any geodesic. 
Actually we do not know if Assumption (1.7) is essential to get 
Theorem 1.10. 
Whenever the topology of M is not trivial, we get a multiplicity result 
about space-like geodesics. This result has been proved in [4] for 
stationary Lorentz manifolds without boundary, in [6] for static Lorentz 
manifolds with singular boundary, and in [7] for static Lorentz manifolds 
with smooth convex boundary. 
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THEOREM 1.12. Under the assumptions of Theorem 1.10, let M, be not 
contractible in itself: Then for every zO and z1 in M there exists a sequence 
{Y”LN of space-like geodesics joining zO and z,, such that 
lim EYn= +cc 
n-r +5 
Remark 1.13. If we do not make the assumption of convexity, we 
obtain results of existence for geodesics with an obstacle (see Remark 4.8). 
They are the analogs of the Riemann geodesics with an obstacle 
introduced and studied in [ 131. 
2. THE FUNCTIONAL FRAMEWORK 
Let (M, g) be a C 3-stationary Lorentz manifold of dimension n + 1, 
M = M, x Iw. By Assumption (1.2) g induces a Riemann metric on MO. By 
the well-known embedding theorem of Nash (see [12]), M, is isometric 
to a Riemann submanifold of the euclidean space W, with 
N= (n/2)(n + 1)(3n + 11) with the metric induced by the usual euclidean 
metric. Then we can assume that M, is included in [WN and its Riemann 
metric is induced by the euclidean one. So the metric g has the form 
‘r(x) [(F)? (:I)]= (52 5’) + C&x), 5) z’+ (4x), 5’>~-D(x)=‘, (2.1) 
where (., .) is the euclidean product in lRN. 
Let z,, and zi be two events in M. It is well known that the geodesics 
joining them are the critical points of the functional 
f(r) =; jol g(y(s))Ms), ?i(s)lds, (2.2) 
in the space of the smooth curves y such that y(0) = z0 and y( 1) = z,, i.e., 
y is a geodesic if and only if 
s ; s(r(s))C3(s), os11 ds = 0 (2.3) 
for every smooth vector field [ along y such that i(O) = 0 and [( 1) = 0. 
The functional f is unbounded both from below and from above, and 
this creates difficulties in searching critical points for f. Nevertheless the 
study of the critical points off can be reduced to the study of the critical 
points of a functional which is bounded from below when 6 and /? satisfy 
(1.7) and (1.8). 
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Now we introduce the spaces in which we shall work. We put I= [0, 11. 
Let (M, g) be a C3 Lorentz manifold, M= M, x R. Let z0 = (x0, to) and 
zi = (xi, t,) be two events in M. We put 
n’ = Q’(MO, x0, x,) 
={x:z+M,~xEH’~~(Z,R~),X(0)=Xo,X(l)=X1}, 
where 
H l, *(I, RN) 
(2.4) 
= x: I-+ RN 1 x is absolutely continuous and I ; (f,i)ds< +ca . 
Here i is the derivative of x. 
It is well known that Q1 is a Hilbert manifold (see e.g. [ 171). If x E Sz’, 
the tangent space to Q’ in x is 
T,Q’= ((:Z-+RN ( ~EH:*(z, RN), ~(S)ET.&4oVSEZ}, (2.5) 
where ZZ,$‘(Z, R”) = (XE H 1+2(Z, lRk) / x(0)=x(1)=01. (We recall that 
H$‘(Z, UP) is a Hilbert space with the scalar product (x, Y)~= 
f:, (i, i) ds.) 
Now we put H1,*(to, t,)= (zEH’~*(Z, R) 1 t(O)=t,, t(l)=t,} and, 
finally, 
2 = zqz,, z,,M)=Q’xH’7*(t,, t,), (2.6) 
which is the manifold of H’*‘-paths in M joining z. and zr. If 
z = (x, 1) E 2, the tangent space to d at z is 
T$F’= T,O’ x Hi *(Z, R). (2.7) 
In %” we consider the action integral 
f(z) =fk t) =; j; s(z(s))CW), +)I ds 
=; j; [(a, ,+)+2(6(x), s+)i-fl(x)i’]ds. (2.8) 
It is easy to see that f is a C2-functional on d. Its critical points are the 
geodesics joining z. and z, (see Lemma 4.1). 
In order to reduce us to the study of the critical points of a functional 
bounded from below, we put 
A=t,-to (2.9) 
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and, for every x E 52 ‘, 
K(x) = s:, (<4X)? -1;)>lB(x)) ds 
f:, (l/B(x))ds . 
(2.10) 
We consider now the functional J: 52’ + R! defined by 
J(x)=; s,I (i,.t) ds+; ?‘,I ‘“‘r::;;)2 ds-; K2(x) j; & ds. (2.11) 
It is easy to see that K and J are C2-functionals of Q’. We have the 
following 
LEMMA 2.1. Let x E l2’ and t be the solution of the Cauchy problem 
i = (4x), i;-> + K(x) 
B(x) (2.12) 
t(0) = to. 
Then we have 
t(l)=t1, so (x, t)ETC; (2.13) 
f(x, t)= J(x); (2.14) 
f'(x> tN0, 5) = J’(x)(4), ‘it E T,Q’, (2.15) 
where f' and J’ are the Frechet differentials off and J, respectively. 
Proof: Let us prove (2.13). Since t satisfies (2.12), we have 
t(l,=to+~; i(s)ds=t,++J; ‘“li;;)” ds+K(x) i’,‘&ds, 
and from (2.10) we immediately get (2.13). 
Let us prove (2.14). From (2.12), we have 
f, i)+2(6(x),i-)i-b(x) i’] ds 
1 ’ =- 
s 2 0 
(i, i) ds+ 
s ; ‘“;;)i’ [(6(x), i) + K(x)] ds 
-; lo1 P(x) [ 
(W), -I;-> + K(x) 
P(x) 1 2 ds 
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’ <‘txh ‘> 
+ K(x) ?b j?(x) 
ds-; j’ (6;;;;)’ ds 
’ (6(x)’ ” 
-K(x) Jo /?(x) 
&; K2(x) f; & ds 
1 ’ 1 =- 
f 2 0 
(a, i) ds+- 
f 
’ (W), Q’ 
2 0 B(x) 
ds-; K’(x) ib’ & ds=J(x). 
Finally we prove (2.15). For every [E T,Q’ and r~ Z-Zk2(Z, IR), we have 
f’(X, t)(ft, r)=ib’ C(-c 0 + (S’(x)(4), i)i+ <4x), t>i+ (&XL i->f 
-; (V/?(x), 5) i2 -j?(x) if] ds, (2.16) 
where V/I(x) denotes the gradient of fl at x, i.e., the unique vector in T,M, 
such that d/?(x)(t) = (V/?(x), t). 
From (2.16) and (2.12), for every ~EH$‘(Z, W), we have 
f’(x, t)(O, T)=s,1 [(6(x), i) -j(x)i]Z d.s=O. (2.17) 
Now let @:521-+H1~2(t0, tr) such that for every XEQ’, Q(x) is the 
solution of (2.12). Then we have 
’ (6(x)’ ‘-> @(x)(s) = to + f. p(x) dr + K(x) f: & dr. 
By (2.12) and (2.14), we see that, for every XESZ’, 
J(x)= fb, @(x)), (2.18) 
while, by (2.17), 
f’(x, @(x))(O, z) = 0, VT E Hk2(Z, R). (2.19) 
Moreover it is easy to see that @ is Frechet differentiable; therefore, for 
every 5 E T,Q’, we have 
3’(x)(5) =f’(x, @,(x))(L @‘(x)(O) 
=f’(x, @(x))(5,0) +f’(x, @(x)W, @‘(x)(O), 
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and by (2.19) 
J’(x)(5) =f’(x, @(x))(5,0). 
Now if t satisfies (2.12), we have t = Q(x), so (2.15) is proved. I 
From Lemma 2.1 we get 
THEOREM 2.2. The following propositions are equivalent: 
(a) z = (x, t) is a critical point off, i.e., ,f’(x, t) = 0; 
(b)(i) x E Q’ and it is a critical point of J; 
(ii) tEH’,‘(Z, R) and it is the solution of (2.12). 
Moreover if(a) (or (b)) is true, we have 
f(x, t) = J(x). (2.20) 
Proof: (a) * (b). If z = (x, t) is a critical point off, from (2.16) we get 
s 
’ [(b(x),i)-/?(x)i]<ds=O. 
0 
(2.21) 
for every r E Hi2(1, R). 
Therefore, there exists a constant c E R such that 
(6(x), a> -B(x)i= c; 
hence 
i=<w,~>-c 
P(x) ’ 
Integrating from 0 to 1, we get c= -K(x), so t satisfies (2.12) and (ii) 
is proved. 
Since z is a critical point of f, from (2.15), we have that x is a critical 
point of J. 
(b) =E- (a). Let XEQ’ be a critical point of J and t the solution of 
(2.12). Since XEQ’ and t(O)= t,, from (2.13) we see that (x, t)Ef.T. 
Moreover, from (2.15), we deduce that for every [ = (r, r) E T, 1, ,,SY, 
f'C-5 t)(5, t)=f’(x, t)(L O)+f’(x, t)(O, 5) 
= J’(x)(t) +f’(x, t)(O, t) 
=f’(x, t)(O, z), 
because x is a critical point of J. 
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From (2.17) we have that f’(x, t)(O, z) =O, so (x, t) is a critical point 
off: 
Finally (2.20) follows from (2.14). 1 
The advantage of studying the functional J, instead of the functional f, 
is in its boundedness from below when 6 and p satisfy (1.7) and (1.8). 
Indeed the following lemma holds. 
LEMMA 2.3. If 6 and B satisfy (1.7) and (1.8) we haue: 
(i) J is bounded from below; 
(ii) limll.~ll + m J(x) = +a, where I/ .I1 is the usual norm of 
H’, *(I, RN), 
x, x) + (i, i)] ds. 
ProoJ 
J(x)=; 5,1 (a, a) ds+; j-; ‘“(;!;)’ ds 
-; K*(X) j-i & ds 
1 ’ 
=-- 
I 2 0 
(i 
2 
n) ds+l (m)> i->’ ds 
2 /3(x) 
1 (A -s:, (<W)> -f>lB(x)) ds)* -- 
2 J:, (l/B(x)) ds 
=- ; J1: (i, s-i) ds+; J; (6;(!;;)2 ds-; s:, (l,;;xllds 
+ d s: (<W), i->) ds-’ Cf: ((W), a>/&)) ds)* 
!A (l/B+x))ds 2 
(2 22) 
j:, (l/B(x))ds ’ ’ 
Using the Holder inequality, we have 
(d(x), a>* ds. l 1 ds 
B(x) i- 0 B(x) . (2.23) 
From (2.22) and (2.23) we get 
Therefore, by (1.7) and (1.8) we immediately have (i) and (ii). 1 
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M, is not complete, because of the presence of the boundary aA.4,. In 
order to avoid this difficulty, we shall use a penalization argument, under 
the assumptions (l.lO), (1.11) and (1.12). 
Since 844, is a C*-submanifold of codimension 1 of the Riemann 
manifold A,,, there exists cp E C2(fiii-,, Iw), such that: 
cp(x) = 0 iff xEad40; 
44x) ’ 0 if XEM~; (2.24) 
Vcp(x) + 0 if xEakf,. 
The penelization argument is based on the following lemma, whose proof 
can be found in [2, 61. 
LEMMA 2.4. Let {x,},,~ be a sequence in 52’ such that: 
(i) There exists a sequence (s,},,~ in I such that 
lim cp(x,(s,)) = 0; 
n- +x 
(ii) supnErm jh (a,, in) ds< +CO. 
Then 
f 
1 
lim 
1 
- ds= +co. 
n- +cc 0 cp’(x,) 
(2.25) 
Now we consider the following families of real functions 
l),EC*(R+, R+), &>O: 
(a) bQE(s) = ES; 
! 
1 
0 if O<sd-; 
E 
(b) $As)= 
f (s-l’E)” 
1 
if s>-. I 
n=3 n. E 
For every E > 0, consider the C*-functional J,: 0’ + [w defined by 
J,(x)= J(x)+/; +E (A) ‘is. 
LEMMA 2.5. For every a E R, the set 
(2.26) 
(2.27) 
J;= {xEQ’ 1 J,(x)<a} 
is a complete metric space. 
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Proof: By Lemma 2.4, for every E > 0 and for every a E R we have 
inf{ q(x(s)), s E Z, x E .Z: > > 0. 
Then by ( 1.11) we get the conclusion. 1 
Now, putting 
fe(x, t) =f(x, 1) + j-; ICI, (-&J) 4 (2.38) 
we see that the statements of Theorem 2.2 hold if we substitute f and J 
with f, and J,, respectively. Indeed the following theorem holds: 
THEOREM 2.6. The following propositions are equivalent: 
(a) z= (x, t) is a critical point off,; 
(b) (i) x E Q’ and it is a critical point of J,; 
(ii) t EZZ’~~(Z, [w) and it is the solution of (2.12). 
Moreover if(a) (or (b)) is true, then 
fAx> t) = J,(x). (2.29) 
The proof of Theorem 2.5 is just the same as that of Theorem 2.2, 
because cp does not depend on t. 
3. ON THE PALAIS-SMALE COMPACTNESS CONDITION 
To carry out the proofs of Theorems 1.6, 1.7, 1.10, and 1.12, we shall 
look for the critical points of the functional J,. To this aim we need the 
following Palais-Smale (P.S.) compactness condition. 
DEFINITION 3.1. Let X be a Hilbert manifold, A an open subset of X, 
and f: A + lR a Cl-functional. We say that f satisfies the (P.S.) condition 
on A, if for every sequence {x,},~ N such that (f(x,)},, N is bounded and 
f’(x,) n- +A 0, there exists a subsequence converging to XE A. 
In order to prove that the functional J, satisfies (for every E>O) the 
(P.S.) condition in SZ’(M,, x,,, x,), we need the following lemma which we 
shall also use in Section 4 to study the limit of the approximating solutions 
and whose proof can be found in [4]. 
LEMMA 3.2. Let M, be an open subset of a Riemann manifold I@, 
isometrically embedded in [WN, such that M, u aM, is complete. Let 
x0, x, EM, and 8’ = Q’(M,, x0, x,) (see Dejkition 2.4). 
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Let ixkjkEN be a sequence in Q1, which weakly converges to 
x E H’, 2(Z, RN). Then 
(i) x(s) 6 M, u aM,, for all s E I. 
(ii) There exist two sequences {r,},,, and { vk}keN such that 
5/c E T.x,Q’, Vk E H(y2(Z, RN), VkE N; (3.1) 
x,-x=&+vk; (3.2) 
b+O weakly in H’T~(Z, RN); (3.3) 
Vk + 0 in H; *(I, W). (3.4) 
Now we can prove (P.S.) on Sz’ for J,. 
THEOREM 3.3. Assume (1.7), (1.8), (l.lO), (l.ll), (1.12). Under the 
assumption (2.26) on $, for every E > 0, the functional J, satisfies (P.S.) 
on Q’. 
ProoJ Let {xnJnEN be a sequence in Q’ such that { JE(~n)}nE N is boun- 
ded and J;(x,,)x 0. Since {JEbn)lntN is bounded, by virtue of (ii) of 
Lemma 2.3, 
sup s ’ <i-,3 
i-,) ds< +oo. 
neN 0 
Hence, up to a subsequence, {x~}~ E N weakly converges to 
x E H l, 2(Z, RN), and by Lemma 2.4, XEQ’. 
To prove Theorem 3.3 we have to verify that {xn} strongly converges to 
x. Let t, be the solution of 
r 
i = (W,), 4) +J&%) 
n rB(xn) ’ 
t,(O) = to 
(3.5) 
where K(x,) is defined by (2.10). 
Since cp does not depend on t, by the same proof, we see that Lemma 2.1 
still holds if f and J are replaced by fE and J,, respectively. Therefore we 
have that (x,, ~)~Q~xff’~~(f~, tl),f,(x,, f,)=J,(x,), andf,‘(x,, t,)(&O)= 
J,‘(x,)(<) for every 5 E T,“Q’. 
Moreover {fn}ncN is bounded in L*(Z, RN), so the sequence {t,} weakly 
converges to t E H ‘z2(to, tl). 
Now, by Lemma 3.1, there exist two sequences {tn}ncN, {v,},~~ such 
that x,-x= t,+ v,, 5,,~ TXnQ1, V,E Hi2(Z, RN), 5,~ 0 weakly in 
H1*2(Z, RN), v, 7 0 in Hk ‘(I, RN). 
We also put ‘5, = t, - t. 
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From (3.5) we have fE(xn, t,)(O, r,)=O, so 
.fEIb”> tn)(t,, -7,) =f&‘(xm trim -7,) +f,‘hI, t,)(L 0) 
= J,‘bAL) + 0 as n+co, (3.6) 
because{L),,N is bounded in H’~2(Z, RN) and Ji(xII) + 0 as n + cc. 
From (3.6), denoting by o( 1) an infinitesimal sequence, we have 
f&'&7? tn)(L -7,) 
= C<L en> + (~'(x,)t,, %z> in+ (w,h 0 in- (&%L 4) f, 
- l0W-d Lx> if + B(x,) i,f,l ds 
-j; 214: (A) (v;$);;n) ds=o(l). (3.7) 
Since 5, n. 0 weakly in ZZ’, *(Z, RN), 5, y 0 uniformly. Moreover 
x, n. x uniformly and x E Sz’. Finally since (A?~} nE N and {in} nE N are 
bounded in L*(Z, lRN) and L*(Z, R), respectively, we have 
(3.8) 
From (3.7) and (3.8) we get 
s d CCL &J +B(xJ iA ds 
= s d C-(WA ~,>i,+(6(x,),f,)~,lds+o(l). (3.9) 
Recalling that x,-x = <,, + v, and t, - t = t,, from (3.9) we have 
c<L t”>+Bw.2:+ (i+t’,, ci,> +P(x,) CA ds 
= i ’ [(6(x,), 2,(f+~,+3,)-(i+~,)9,)] ds+o(l) 0 
= I ; [(6(x,), ?#+I$,)-i&Jds+o(l). (3.10) 
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Since v, n. 0 in H$‘(Z, RN), 4 nn’ 0 weakly in H’,‘(Z, RN), and 
z,. 0 weakly in H22(Z, R), from (3.10) we have 
from which we deduce, in particular, that 5, n’ 0 in H,$‘(Z, RN), and 
hence 
x,,yq-+ x in H’* 2(Z, RN). i (3.12) 
Remark 3.4. Notice that since fi verifies (1.8), from (3.11) we also 
obtain that 
t, + t in ZIZ’,~(Z, R). 
4. REGULARITY OF THE LIMITS OF THE APPROXIMATING SOLUTIONS 
Throughout this section we shall assume that (M, g) is a stationary 
Lorentz manifold and (1.7), (l.S), (l.lO), (l.ll), and (1.12) hold. 
With the notations of Section 2, if z = (x, t) E Y is a critical point of f, 
(see (2.28)), for every [ = (5, z) E T, 9, we have 
f,‘(z)(i) =f&‘k t)(5, 7) 
= (a, e> + (d’(x) 5, i)i+ (6(x), t>i+ (6(x), a>z 
-; (V/?(x), 5) i’-b(x) if] ds 
(4.1) 
LEMMA 4.1. rf z= (x, t) is a critical point of f,, XE C’(Z, LPN) and 
t E C’(Z, iw). Consequently z is solution of the equation 
D,i= - (4.2) 
where D,i is the covariant derivative of i with respect to the Lorentz struc- 
ture g, d(z) =4(x, t) = cp(x), and V, 4(z) = (Vcp(x), 0). 
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Prooj Putting r = 0 in (4.1), we deduce that 
+; j; (VP(x), 5) i2ds- jol (X(x)5, i) i ds. (4.3) 
Therefore we have 
j; (i + i&x), t) = jol (W), 5 > 4 (4.4) 
where h E L’(Z, R”). 
Let {e’(s), . . . . em(,)} be an orthonormal basis of (TX,,,, fiO)l, which we 
can construct using the Gram-Schmidt orthogonalization method, in order 
that each e’(s) E Z-Z’*2(Z, RN). 
Consider 5 = Ha2(Z, W”). Since t - Cy= 1 (5, e’) e’ E T,Q’ and 
i + id(x) E T,XQ’, from (4.4) we deduce that 
j; (a+ Wx),b ds= iE, j; ( ii-+ i&x), P’)(e’, 5) ds+ j; (h(x), 5) ds. 
(4.5) 
Since h E L’(Z, RN) and t’ E L2(Z, RN) (for every i = 1, . . . . m), we have 
j; (R+ id(x), cf) ds= j; (H(s), 5) ds (4.6) 
for every ~EZ-Z$‘(Z, RN), where HEL’(Z, RN). 
Now, denoting by Z?(s) = -J; H(r) d r and integrating by parts, we have 
j; (i+ i&x), () = j; (ir, t) ds, 
from which we deduce that there exists a constant vector c E RN, such that 
i(s) + i(s) 6(x(s)) = -R(s) + c; 
therefore 
i + i&x) is continuous. 
Now, by (2.12), we have 
(4.7) 
(6(x), f + icqx)) = (6(x), i) 
( 
1 + (6(xB);xq(X))) + + (W), W) >. 
(4.8) 
580/101/2-9 
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By (4.8) we deduce that (6(x), a) is continuous; hence, again by (2.12), 
i is continuous, and, by (4.7), i is continuous. Then, by (4.3) we see that 
h in (4.4) is continuous. Moreover every e’ is C’ because x is C’, so also 
H in (4.6) is continuous. 
Then R is C’, from which we deduce that i + id(x) is C’. 
Now, using again (4.8) we finally get that 1 and i are of class C’. 1 
Remark 4.2. Denote by ( , )L the Lorentz metric g. If z satisfies (4.2), 
we have 
so there exists a constant H, such that 
Hc = (4~1, i(s)>, - ll/i: for all s E I. (4.9) 
In order to study the regularity of the limit of a family (z,},,~ of critical 
points of f,, we need some lemmas. 
LEMMA 4.3. Let z, = (x,, tC)E,O he a family of critical point off, such 
that 
Lb,) 6 MT (4.10) 
where M is independent on E. 
Then if H, is the constant obtained in (4.9) for z,, we have 
H,: is bounded independently on E. (4.11) 
Proof Integrating (4.9) in the interval Z, we get 
From (4.12), we have 
IHel d IOx,, t,)l + 2 ?;: Ii/e (A) 4 
(4.12) 
while, from (2.29), we have that fe(x,, t,)=Je(xe). Since J&x,) >J(x,), by 
(i) of Lemma 2.3, we have that f&x,, t,) is bounded from below. Then, by 
(4.10), IfAx,, t,)l is bounded. 
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On the other hand, 
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which is bounded (independently on E) because J is bounded from below 
and (4.10) holds. 
From (4.12) and (4.13) we get (4.11). 1 
LEMMA 4.4. Let z, = (x,, ta)E,O be a family of critical points off, and 
assume that (4.10) holds. Put, for every E > 0 and s E [0, 11, 
(4.14) 
Then the family of functions (A,), , 0 is bounded in L”(I, R) independently on 
EE 10, 11. 
Proof: For every E > 0, we put 
P,(S) = cp(x,(s)), (4.15) 
which is a C2 function on I. Let s, be a minimum point of pE. 
Since both the functions in (a) and (b) of (2.26) are convex, the 
derivatives $: are nondecreasing, so we have 
(4.16) 
Therefore it suffices to prove the lemma assuming 
inf cp(x,(s,)) = 0. E>O (4.17) 
From (4.10), (2.29), and (ii) of Lemma 2.3, we deduce that the families 
tx,1,>0 and {tE)E,O are bounded in L”(Z, RN) and L”(Z, R), respectively. 
Hence there exists cl E R’ such that 
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Moreover if E is sufficiently small, from (2.23) and (4.18), we have that 
there exists c2 > 0 such that 
<Vcp(X,(&)L VCPM~,)) > 2 c2. (4.19) 
From (4.1), (4.2), (4.9), (4.18), (2.12), and (4.19) we have 
0 G iiE(SE) = fme(~,))C~,(~,X iAs,) + <V,&,bJL ~,i,(J,)>L 
d c,((ic, a,> + iz, 
where c3 is a constant independent on E. 
By virtue of (4.11) and (4.20), there exists a positive constant cq 
(independent on E) such that 
2 
cp3M%)) ICI: ( 02(x:(s,,,> Gc4 (I+ II/& (q2(x:(s,)J). (4.21) 
Since the family (b) of functions ($,}, rO 
Ii/c(s) G bus), 
from (4.21) and (4.22), we get 
satisfy the property 
(4.22) 
)- [I+$: (92(x:(sJ))1~ (4.23) 
By (4.17) and (4.23) we immediately have that {&(.r,)} is bounded if E 
is small, from which we deduce the proof of Lemma 4.4. If tiB(s) = SE, the 
proof follows from (4.17) and (4.21). 1 
Remark 4.5. Under the assumptions of Lemma 4.4, we have 
(4.24) 
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Proof. Consider the family (a) of (2.26). Then we have to prove that 
I 
lim E 
I 
1 
- ds = 0. (4.25) 
E’O 0 cp’(xJ 
By the Holder inequality we have 
s 1 1 E -ds,,(~;--&ds)2’3=~1-z(~;~,.~(s)ds)2’3 S;obO. 0 cp’(&) 
Consider the family (b) of (2.26). If inf,, o, SE I cp(x,(s)) > 0, the proof is 
obvious, because if E is small enough A,(s) = 0. 
IfinfE,o,..Icp (x,(s)) = 0, with the same notations of Lemma 4.4, we have 
G cocp3(x,(s,)) E’O ’ 09 
where co is an upper bound of A,,,. 
Hence we have obtained that $,( l/d’(x,)) + 0 uniformly, from which we 
deduce (4.25). 1 
Denote by 
sz’ = d’(x,, X’, fi,) (4.26) 
the manifold of H ‘3 2-paths in fi, joining x0 and x, , and 
8=d1 xH’~2(to, t,). (4.27) 
Notice that since MO is open an fi,, 51’ is an open sub-manifold of 8’. 
Therefore if x E Q1, T,Q’ = T,s?i’. 
LEMMA 4.6. Let MO be a sub-manifold of RN and x0, x, E MO. 
Let {xk)k~ be a sequence of f2’ = Q1(xo, x1, MO) such that 
Xkk’ XER’ in H1v2(Z, RN). (4.28) 
Let 5~ TX@ and put rk(s) =P(x~(s))(~), where P(y)(.) (y~A4~) is the 
orthogonal projection on T, MO. 
Then {<k)kEN contains a subsequence which weakly converges to 5 in 
H l3 2(Z, RN). 
The proof of this lemma can be found in [4]. 
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LEMMA 4.7. Let z, = (x,, t,), , 0 be a family of critical points off,: such 
that (4.10) holds. Let &?, be the topological closure qf M, in fi,. Then there 
exist XE H’v2 (4 Mo), f~H’~~(t,, t,), and a sequence E, + 0 such that: 
(i) xen -p x in H’, 2(Z, [WN), 
(ii) t,“T t in H’,‘(Z, W), 
(iii) z = (x, t) satisfies the weak equation 
f’ . l-1 
(4.29) Jo (2, i>, ds = J 4sKV,4(z), i> ds, 
0 
where 2 E L’(Z, [w) is such that 
(iv) A(s) Z Ofor a.e. SE [0, 11, and 
(v) A(s) = 0 if x(s) E MO. 
Remark 4.8. Equation (4.29) is the analog in the Lorentz case of the 
weak equation of Riemann geodesics with obstacled, introduced in [13]. 
Proof of Lemma 4.7. From (4.10) we have that JA (i,, a,) ds< M,, 
where M, is independent on E. Then there is a sequence E, -+ 0 and x E 
H’x 2(Z, fi,) such that 
and 
xcn + x weakly in H’-2(Z, FIN) (4.30) 
XC” --+ x uniformly. 
By (2.12) it is immediate to see that 
fEnyiP t weakly in H1x2(Z, 52) 
and 
(4.31) 
(4.32) 
ten? t uniformly, (4.33) 
where ten and r solve (2.12) relatively to x,~ and x. 
Let A,(s) be defined by (4.14). By Lemma4.4 the sequence {jle.}n.N is 
bounded in L2(Z, [w) so there exists A E L’(Z, Iw) such that 
2,” + 2 weakly in L’(Z, Iw). (4.34) 
It is immediate to see that A satisfies (iv) and (v). 
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With the same argument of Theorem 3.3 and Remark 3.4, we get 
XE”n- x strongly in H’, 2(Z, IWN) (4.35) 
and 
ten7 t strongly in H ‘* ‘(I, 02). (4.36) 
So we have just to prove (4.29). 
Put [ = (5, r) E T,fi!‘. By Lemma 4.6, up to a subsequence, the sequence 
{L,LcN = {P(xEJ(ol”EN weakly converges to t in H ‘- *(Z, I!?“). 
Since <,,E T,ctiQ1 = TXznQ1, from (4.1), we have 
0 =f’(xw t,“)(t,,> z) 
= 
U 
l (-%“7 Lk,> + (S’(X,“) t,,, 
0 
%,> 4” + (@J ten) iEn+ <WJ, *-,.>f 
-!j <Wx,,), L,> iZn-B(xe,) i$] ds-J’ 
0 
Us)<Vv,J t,,> ds. (4.37) 
Taking the limit in (4.37) we immediately obtain (4.29). 1 
Finally we obtain the following regularity theorem 
THEOREM 4.9. Under the assumptions of Lemma 4.7, there exists a 
sequence E, -+ 0 such that the sequence of critical points {(xc*, t,.)),,, N off, 
converges in H’,‘(Z, RN)x H’,‘(Z, R) to (x, t)E H*t’(Z, RN)x H2-*(Z, R).’ 
Moreover x(s) E iii, for all s E I. 
Consequently z = (x, t) solves the equation 
D,i = 4s) V,d(z), (4.38) 
where A(s) E L2(Z, R), A(s) > 0, for aZmost SE Z, and A(s) = 0 if x(s) E MO. 
Proof By Lemma 4.7, (x, t) satisfies the weak equation (4.29). The 
proof of the regularity of (x, t) can be carried out by the same techniques 
used in the proof of Lemma 4.1. 1 
5. PROOF OF THEOREMS 1.6 AND 1.10 
In order to prove the existence of time-like geodesics and the geodesical 
connectivity (under the assumption of convexity of the boundary), we use 
a minimum argument. 
’ H2.2(1, 68’) = {XE H’,‘(I, R’) 1 i is absolutely continuous and P E L2(I, I@)}. 
364 GIANNONI AND MASIELLO 
Clearly, Theorem 1.6 is a corollary of the following 
THEOREM 5.1. Under the assumptions qf Theorem 1.6, there is a time-like 
geodesic joining zO and zl, if and only if 
inf J(x) < 0. 
xcR’ (5.1) 
Proof By virtue of Theorem 2.2, we immediately see that Condition 
(5.1) is necessary to guarantee the existence of a time-like geodesic joining 
z0 and z,. 
In order to prove the sufficiency of (5.1) consider (for every E > 0) the 
family (a) of (2.26) and the penalized functionals J, (see (2.27), which are 
bounded from below (see Lemma 2.3). Consider a minimizing sequence 
i-%l”,N of J,. By Lemma 2.3, it is bounded in H’,*(Z, RN). 
Now J, satisfies (P.S.) on Sz’ (see Theorem 3.3) so there exists a mini- 
mum point X, of J,. 
Moreover, by (5.1), it is clear that there exists p > 0 such that 
J&Q) < -p < 0 (5.2) 
for all E sufficiently small. 
Let t, be the solution of (2.12) relative to x,. By Theorem 2.6, Lemma 
4.7, and Theorem 4.9, there exists a sequence E, + 0, x E HZ, 2(Z, ii;i,), and 
te H2’2(to, tl) (H’,2-limits of x,” and t,,), such that z = (x, t) solves 
Eq. (4.38). 
Moreover by Remark 4.5, putting z,. = (x,~, t,,), 
h,kn) =.f(z,J + E, ib’ -&-q ds -+f(z) as n-co, (5.3) 
En 
while by (2.29) fe,(z,“) = J,“(x,J Therefore, by (5.2), we have 
f(z) < 0. (5.4) 
By Eq. (4.38) we have for almost s E I: 
(DAs), i(s)>, = -4sKV4(4s)), 8S))L. (5.5) 
Moreover 
<v,4ml))> 4SO))L = 0 (5.6) 
for every s0 such that z(s,,) E aM; indeed every s0 such that z(sO) E aA is a 
minimum point for the Cl-function p(s) = #(z(s)). 
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Since A(s) = 0 when x(s) E MO, by (5.6) we get 
<D,i(s), i(S)>L =o for a.e. s E Z, (5.7) 
from which we deduce the existence of E E R. such that 
and, by (5.4), 
E= (3s), i(s)>, VSE co, 11, (5.8) 
E=f(z)<O. (5.9) 
Now, let QE 10, l[ such that Z(Q)E aM and there exists D,i(s,). D,i 
exists almost everywhere because z E H’*‘(Z, [WN) x H2v2(Z, [w). Since s0 is a 
minimum point of p(s) = #(z(s)), by (4.38) we have 
0 G PM = HtWo))C%J~ 4dl+ (V,&W)> -4d V,h&J)>,. 
Therefore 
Now, by (54, 4sd E Tz(,,, aM, so by (1.13) in Remark 1.5, (5.9), and 
(5.10), we get 
4hJ(VL4mJ)~ V,dmJ)>, G 0. (5.11) 
Moreover dk f) = cp(x), so <b,Ws,)), b.dMd)>, = (Wx(s,)), 
Vq~(x(qJ)) # 0, because of (2.24). 
Since A(s) 20 for almost every SEZ, by (5.11) we get A(s) =O for almost 
s E I; hence by virtue of (4.38), 
D,i(s) = 0 for all s E I. 
Now, since aM is time-convex (see Definition 1.4), we see that z(s) EM 
for every s E Z, so the proof of Theorem 1.6 is complete. 1 
Proof of Theorem 1.10. The proof of Theorem 1.10 is essentially the 
same as that of Theorem 1.6, or better still, it is simpler because we do not 
have to prove that the limit z = (x, t) is time-like, because here we assume 
that aM is convex (instead of time-convex). 1 
Remark 5.2. By the same arguments of Theorem 1.10, it can be proved 
that ‘an open connected subset of a Riemann manifold is geodesically 
connected, if its boundary is convex and smooth. 
Remark 5.3. If we do not assume that aA is convex, we obtain the 
existence of time-like and space-like geodesics with obstacle (see Remark 4.8). 
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6. PROOF OF THEOREMS 1.7 AND 1.12 
In this section we shall give the proof of Theorems 1.7 and 1.12. 
Proof of Theorem 1.7. Assume that M, is not contractible in itself. 
Fade11 and Husseini have recently proved that there exists a sequence 
(Lz),~mr of compact subsets of Q’, such that 
(see, e.g., Cg, 91). 
lim cat,l(K,) = + cc 
m-x (6.1) 
Here cat,l(K,) denotes the Ljusternik-Schnirelmann category in 0’ 
(see, e.g., [ 17]), i.e., the minimum number of closed, contractible subsets 
of Q1 covering K,,, . 
Consider the functional J, penalized by means of the family (b) of (2.26), 
and fix rnE N. By (6.1) there exists a compact set K, GQ’, with 
cat,1 K,,, 3 m. 
Clearly there exists d> 0 such that for every d > 2 and for every 
E E 10, 11, we have 
sup J,(K,,J d sup J(K,) < -1, 
where A = (t, - t,l (see (2.9t(2.12)). 
For every E E 10, 11, we set 
(6.2) 
cj, e = inf sup J,(A) j= 1, . . . . m. cat(a) 2 j  
Obviously for all E E 10, 11, and for all j = 1, . . . . m, 
CJ,E G -1, (6.3) 
and 
(6.4) 
so by (6.3) and (6.4) c,, E is well defined. 
By Theorem 3.3 and well-known arguments in critical point theory (see, 
e.g., [15, 17]), every cj, E is a critical value of J,. Now, because of the 
choice of the penalization functions, we see that if E is small enough, every 
cj,E (j= 1, . ..) m) is a critical value for the functional J defined at (2.11). 
Otherwise, by the same arguments used in the proof of Theorem 1.6, we 
can get the existence of a time-like geodesic “touching” the boundary 8M, 
in contradiction with the assumption of time-convexity of aA4. 
Moreover if ci E = c,, E for some i # j, it is known that there are infinitely 
many critical points of the level cj, E (see, e.g., [ 171). Then by virtue of 
Theorem 2.2, we get the proof of Theorem 1.7. 1 
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Proof of Theorem 1.12. As proved in Lemma (4.3) of [6], for every 
CER 
cat&J”) < +co. (6.5) 
Moreover, since M, is not contractible in itself, there exists a sequence 
{Km)rns~ of compact subset of Q1 such that 
lim cat,l(K,,,)= +a! 
m-m (6.6) 
(see C8, 91). 
Let RER and set J,= {xEO’ 1 J(x)~a) and JE,%= (xEQ’ 1 J,(x)>cx). 
By (6.5) there exists k= k(a) such that 
BnJ,#021, 
for all BE s2’ such that cat,(B) 2 k. 
Since J, 5 J,, I( we have 
Bn J,,.Z0, (6.7) 
for all E > 0 and for all BEQ’ with cat,!(B) >, k, from which we deduce 
that 
c ,,,=inf{sup J,(B), cat,l(B)2k}2a. 
By (6.6) there exists a compact subset K of Q’ such that 
(6.8) 
cat,,(K) > k = k(a). (6.9) 
Then, for all E E 10, 1 ] 
ck,e<sup J,(K)<sup J,(K)< +co. (6.10) 
Since J, satisfies the (P.S.) condition on Q’, by well-known arguments in 
critical point theory (see, e.g., [ 15, 171) we deduce that ck, E in (6.8) is a 
critical value for J,. 
Now let xk,E be a critical point of J, at the level c~,~, and let t,,, be the 
solution of (2.12) relatively to xk, 6. 
From (6.10) and Lemma 4.7, there exists E, -+ 0, xk E H’*‘(Z, RN), and 
tk E H’, *(Z, [w) such that 
X 8n,kdXk in H’,*(Z, RN), 
t E., k ---) tk in H’, 2(Z, R), 
and (x,, tk) solves (4.29). 
Then, as in the proof of Theorem 1.10, we have that (CC,, tk) is a critical 
point of J: 
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Moreover from (6.8) we have 
fbk, hi) b 4 
so by the arbitrariness of tl, Theorem 1.12 is proved. i 
APPENDIX 
In this appendix we give a physical example of stationary (and nonstatic) 
Lorentz manifolds whose boundary is time-convex. 
Consider the Kerr spacetime outside of the “stationary limit surface,” i.e., 
the spacetime 
M=((r,9,$):r>m+J*2-a2cos28)xiR (A.1) 
with metric 
where 
1= A(& r) = r2 + a2 cos2 9, A=A(r)-r2-2mr+a2. 
Here m > 0 represents the mass of the rotating body responsible for the 
gravitational field, ma is the angular momentum as measured from infinity 
(see, e.g., [lo]), and a2 < m2. If a = 0, the spacetime (A.l) with metric (A.2) 
is the Schwarzschild spacetime. 
When a is small enough there are open subsets of M having strictly 
convex boundaries. More precisely the following proposition holds (whose 
proof can be carried out using the Lorentz hessian of the function 
@Jr, 9) = $(r’- 2mr + a2 cos2 9): 
PROPOSITION A.l. Let r0 be the smallest zero greater than 2m of the 
equation 
9m2r4(r - m)(r - 2m) + (r - 3m)[r3 + 3m(r - m)(r - 2m)] = 0. (A.3) 
Let E:R+ +R+ be a strictly decreasing function and 
e. = ,lim+ E(a). (A.4) 
Assume 
0 < tzo < (rO - m)’ - m2. (A.5) 
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Then, there exists a, > 0 such that, for every a satisfying Ial Q a,, the bound- 
ary of the Lorentz manifold 
M,={r>m+ m*+&(a)--a2cos2~}xlR, 
with metric (A.2), is (strictly) time-like convex. 
(‘4.6) 
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